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The efficient certification of nonclassical effects of light forms the basis for applications in optical
quantum technologies. We derive general correlation conditions for the verification of nonclassical
light based on multiplexed detection. The obtained nonclassicality criteria are valid for imperfectly-
balanced multiplexing scenarios with on-off detectors and do not require any knowledge about the
detector system. In this sense they are fully independent of the detector system. In our experiment,
we study light emitted by clusters of single-photon emitters, whose photon number may exceed the
number of detection channels. Even under such conditions, our criteria certify nonclassicality with
high statistical significance.
I. INTRODUCTION
The verification of quantum correlations in optical sys-
tems is a key task in quantum optics. Besides its fun-
damental significance for the understanding of radiation
fields, the identification of genuine quantum features is
becoming ever more important as they can be used for ap-
plications in quantum technologies [1–3]. A major goal,
in this context, is to develop robust methods which ide-
ally do not rely on any knowledge or assumptions about
the studied system, leading to the concept of device-
independent quantum characterization [4–8].
An important task is the characterization of light in
the few-photon regime. For the analysis of quantum light
in this regime, so-called multiplexing strategies [9–18]
have been developed as a way of gaining insights in the
measured quantum state even when a photon-number-
resolving measurement is not accessible. Such strategies
do not provide a direct access to the photon-number dis-
tribution and consequently the interpretation of the mea-
surement statistics as the photon-number statistics can
lead to a false certification of nonclassicality [19]. How-
ever, nonclassicality criteria which can be directly ap-
plied to the recorded click-counting statistics have been
formulated [20–25]. In particular, such criteria are very
efficient and successful in certifying nonclassicality from
experimental data [26–33].
One common assumption for such conditions is that
the incoming light is equally split and detected in each
detection channel. Recently, the detector-independent
verification of quantum light for such equal splitting has
been reported [8, 34]. In some cases, however, an equal
splitting ratio might be hard to realize and requires the
careful characterization of the optical elements. Further-
more, other multiplexing strategies such as fiber-loop de-
tectors [11, 33] by design do not provide an equal split-
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ting. For such unequal-splitting scenarios, a condition
based on second-order moments [25] has been derived
as a generalization of the corresponding equal-splitting
condition [20]. More general higher-order criteria have,
however, not yet been reported for such unequal-splitting
detections.
In this paper, we introduce detector-independent gen-
eral (higher-order) conditions for the certification of non-
classical light measured with unbalanced multiplexing
schemes and on-off detectors. The presented conditions
are fully independent of the properties of the used de-
tection scheme. Based on Chebyshev’s integral inequal-
ity, we derive a family of inequality conditions for the
no-click events at the output channels which have to be
fulfilled for any classical radiation fields, their violation
verifies nonclassicality. The so obtained inequalities in-
clude simple covariance conditions between two detec-
tion channels and more general higher-order correlation
conditions. Our approach is based on minimal assump-
tions and requirements which guarantees the applicabil-
ity to any multiplexing setup, even without the knowl-
edge about the used detectors and the splitting ratios.
We demonstrate the strength of the obtained criteria by
certifying nonclassicality of light from clusters of single-
photon emitters with high statistical significance. The re-
lations of the presented nonclassicality certifiers to other
nonclassicality criteria based on the Mandel Q parameter
and the matrix of moments approach are discussed.
II. MULTIPLEXING DETECTION
We are interested in the certification of quantum cor-
relations based on general multiplexing scenarios, as
schematically sketched in Fig. 1. The incident quantum
state of light is (unequally) split into N output channels.
Each of these channels is then measured by a single on-
off detector, which is the standard working principle of
multiplexing detectors [9–18].
Let us describe this multiplexing step formally. We
express the input quantum state in terms of the Glauber
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FIG. 1. Working principle of a multiplexing device. The
input quantum state ρˆ is split at an unbalanced multiport
splitter and each output channel is measured with an on-off
detector.
Sudarshan P representation [35, 36],
ρˆin =
∫
d2αP (α)|α〉〈α|, (1)
where |α〉 is a coherent state. A quantum state
is called classical iff its P function is non-negative
[37, 38]. Multiplexing devices act as N×N multi-
mode splitter and can be described via the unitary
operation U(N) = (ui,j)
N
i,j=1 which relates the input
to the output field operators via aˆout=U(N)aˆin and
aˆin(out)=(aˆ1in(out), . . . , aˆN in(out)). In the multiplexing
case, only the first mode is occupied and the other ones
are in the vacuum state. Consequently, the output quan-
tum state can be written as
ρˆout=
∫
d2αP (α)|u1,1α, . . . , u1,Nα〉〈u1,1α, . . . , u1,Nα|,
(2)
with
∑
k |u1,k|2=1 [39]. We explicitly do not restrict our
consideration to the case of uniform splitting, i.e., ∀k :
|u1,k|2 = 1/N .
We are now interested in the detector-click probability
in each channel. The probability of detecting no click in
the k-th channel is given by the expectation value
〈:mˆk:〉 =
∫
d2αP (α)〈u1,kα|:mˆk:|u1,kα〉, (3)
where : . . . : denotes the normal-ordering prescription;
cf. [40]. The corresponding operator is defined as
mˆk=e
−Γˆk(nˆk), the subscript k indicates the detection
channel and nˆk is the photon-number operator in the
corresponding channel. The probability of obtaining a
click in this channel is given by 1−〈:mˆk:〉. The detector
response function Γˆk(nˆk) is a function of nˆk and describes
the connection between the electromagnetic field and the
generation of a click [40, 41]. The detector response func-
tion can be determined via direct calibration techniques;
see, e.g., [42].
III. CONDITIONS FOR QUANTUM
CORRELATIONS
We aim at formulating nonclassicality conditions based
on the correlations between the no-click events of the
different output channels which do not depend on the
characteristics of the used multiplexing architecture and
detectors. The simplest case we can consider in this con-
text is the correlation between the no-click events of two
output channels [43]. In fact, we can use Chebyshev’s
integral inequality (see, e.g., [44]) to derive the simple
condition (see Appendix A for details),
〈:Cov(mˆi, mˆj):〉 = 〈:mˆimˆj :〉 − 〈:mˆi:〉〈:mˆj :〉
cl≥ 0, (4)
which must hold for any classical input state, i.e., a quan-
tum state with a non-negative P function. The violation
of this inequality is a direct and experimentally easily
accessible signature of nonclassicality and is directly re-
lated to the negativities of the P function of the studied
state. In particular, only one multiplexing step and on-
off detection is sufficient for the application of condition
(4).
Condition (4) has a clear physical interpretation. Non-
negative normal-ordered covariances can be explained in
terms of a classical description of the measured radiation
field, i.e, by a classical P function. In particular, for an
input coherent state the no-click events are uncorrelated
[〈:Cov(mˆi, mˆj):〉=0] which represents the boundary be-
tween classical and nonclassical radiation fields. On the
other hand, an anti-correlation, i.e., a negative covariance
of the no-click events, can only arise from negativities in
the P function of the considered state. For example, a
single photon input state leads to an anti-correlation of
the no-click events which is revealed by a negative covari-
ance.
We can further generalize condition (4) to multi-mode
higher-order moments conditions. Again by making use
of Chebyshev’s integral inequality [44], we formulate the
family of correlation conditions
〈:mˆI1 . . . mˆIK :〉 − 〈:mˆI1 :〉 · · · 〈:mˆIK :〉
cl≥ 0, (5)
where I1 . . . IK are mutually disjoint subsets (partitions)
of I = {1, . . . , N} and mˆJ is the no-click operator for all
detection channels in IJ , mˆIJ=
∏
j∈IJ mˆj ; cf. Appendix
A. These general conditions also include asymmetric par-
titions and the clustering of channels. Note that Eq. (5)
generalizes the approach in [23] to unequal splitting, un-
characterized detectors, and arbitrary partitions. In Ap-
pendix A, we show that the conditions (4) and (5) are
not affected by dark-counts or other uncorrelated noise.
IV. EXAMPLE
Before turning to the experiment and the data
analysis, let us consider an example. As an in-
put state, we choose an n-photon-added thermal state
Nn
(
aˆ†
)n
ρˆthaˆ
n, where the thermal state is ρˆth = 1/(n+
1)
∑∞
k=0 (n/(n+ 1))
k |k〉〈k| with Nn being the normal-
ization constant [45]. Such states have been realized in
experiments [46, 47]. We consider a single unbalanced
3multiplexing step (beam splitter) with an intensity split-
ting of 70:30 and a detection efficiency of 0.7. By vio-
lating the covariance inequality (4) we can certify non-
classicality. We compare this non-ideal detection scheme
with a classicality condition based on the photon-number
covariance,
〈nˆinˆj〉 − 〈nˆi〉〈nˆj〉
cl≥ 0, (6)
where nˆj is the photon-number operator in the jth de-
tection channel. The application of this condition would
require experimental access to the second-order moments
of the photon-number operator. The violation of this
condition corresponds to the nonclassicality condition in
terms of the second-order intensity correlation function,
g(2)(0) < 1, which is closely related to the sub-Poissonian
photon statistics and the Mandel Q parameter [48].
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FIG. 2. The no-click-covariance condition (4) (solid lines;
scaled by a factor of 5) and the photon-number covariance
[Eq. (6)] (dashed) are shown for a one and two-photon-added
thermal state in dependence on the mean thermal photon
number n.
In Fig. 2, the behavior of the two conditions is shown
for one and two-photon-added thermal states in depen-
dence on the thermal photon number. The violation
of the no-click inequality (4) detects nonclassicality in
a wider range of n than corresponding violation of the
photon-number condition (6). Similar behaviors have
been observed for the sampling of phase-space distribu-
tions from multiplexing detection data [24, 31].
An explanation for this behavior can be found when
one considers the measurement operator of the click de-
tection, i.e., the no-click operator mˆk. This operator is
an exponential function of the photon-number operator
and, thus, higher-order moments of the photon-number
operator contribute to the condition (4). Therefore, the
click detection may be more sensitive towards nonclassi-
cal effects than the detection of the first two moments of
the photon-number operator in Eq. (6).
V. EXPERIMENT
In our experimental setup, we study light from clusters
of single-photon emitters which we detect with the help
of time-bin multiplexed click detection. We used multi-
photon light emitted by clusters of colloidal CdSe/CdS
quantum ’dot-in-rods’ (DRs) [49–52] coated on a fused
silica substrate and excited by picosecond pulses at 355
nm. For a detailed description of the experiment, see
Ref. [53]. To get rid of the pump radiation, the emitted
light was filtered using a long-pass filter and a band-
pass filter (center wavelength 607 nm, bandwidth 42
nm). The size of the cluster was determined by as-
suming that the mean number of photons emitted per
pulse scales with the number of emitters in the cluster.
In this way, we obtained clusters with an effective size
between 2 and 14 emitters. Each DR in such a clus-
ter, provided that it is excited, emits a quantum state
that is close to a single-photon one, with an extremely
small admixture of a two-photon component. Taking
into account the 25% excitation probability per excita-
tion pulse, the state emitted by a single DR can be writ-
ten as ρˆDR=p0|0〉〈0|+ p1|1〉〈1|+ p2|2〉〈2|, where p0≈0.9,
p1≈0.1, and p2≈10−4. The low probability of two-photon
emission leads to strongly nonclassical g(2)(0)≤0.05. Al-
though different DRs in a cluster emit incoherently, the
resulting state manifests nonclassicality because the total
number of emitted photons is restricted according to the
size of the cluster [53, 54].
The radiation emitted by a single cluster was collected
with an efficiency of 44%, which takes into account the
losses at all optical elements, and sent to a fiber multi-
plexed detection setup, cf. Fig. 3, comprising two click
detectors based on avalanche photodiodes, with the quan-
tum efficiency 60%. The use of fiber loops provided two
time bins for each detector, therefore the setup was equiv-
alent to the one shown in Fig. 1, with N=4 channels. For
each of the studied clusters we collected a dataset con-
taining between 107 and 108 pulses and for each pulse,
the number of click counts in each channel was registered.
Depending on the size of the cluster, the mean click num-
ber per pulse was between 0.05 and 0.1 due to the low
excitation and detection efficiency.
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FIG. 3. Principal scheme of the setup. The pump radiation
(355 nm) is focused into a cluster of DRs through objective
lens O1 and then cut off by the filters F. The radiation emit-
ted by the cluster is coupled into an objective lens O2 and,
after filtering, is sent into the fiber-assisted multiplexed de-
tection setup where two detectors D1, D2 and two different
path lengths create four detection channels, C1, . . . , C4.
VI. RESULTS
We apply the nonclassicality criteria based on the in-
equalities (4) and (5) to the multiplexing data obtained
for the different cluster sizes. Our approach can be di-
rectly applied to the measured data without the knowl-
4edge of the detection system or data post-processing. We
analyze the correlation condition (4) between two of the
detection channels and the condition corresponding to
the full partition of all four detection channels [cf. Eq.
(5)] for the different cluster sizes. The no-click moments
and their statistical errors can be directly sampled from
the measurement statistics [27].
nonclassicality
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FIG. 4. The covariance condition (4) between two detection
channels (upper, orange markers) and the condition based on
the full partition of all channels, cf. Eq. (5) (lower, green
markers), are shown for different cluster sizes. Their statis-
tical significances Σ are indicated through the shape of the
markers.
The results are shown in Fig. 4. We can see that even
the simple covariance condition (4) between two of the
output channels is capable of certifying nonclassicality
with statistical significances above three standard deriva-
tions for all cluster sizes. The statistical significance Σ is
defined as the estimated value divided by its statistical
sampling error. Furthermore, we identify that the condi-
tion based on the full partition of the no-click operator
[cf. Eq. (5)] even yields verifications with higher statisti-
cal significances of up to 29.3 standard deviations. Thus,
the used conditions provide robust and easily applicable
approaches for the faithful detector-independent verifi-
cation of nonclassical light. Importantly, we can certify
nonclassicality from the measurement outcomes of an un-
characterized detection device even if no assumption on
the quantum state of the measured light is used.
Let us discuss the dependence on the cluster size.
While the distance to the classical limit (zero) increases
for both conditions with increasing cluster sizes, the cor-
responding statistical significances are decreasing. This
can be explained by the fact that the basic nonclassical
feature of the measured light field is the single-photon
characteristics of the light emitted by the individual DRs.
For the small cluster sizes, the light field is close to an
(attenuated) single-photon state. Therefore, the anti-
correlation between the no-click events certified by condi-
tions (4) and (5) is most significant for these cases. The
single-photon contribution increases with the cluster size
but so do also the (incoherent) higher-photon-number
terms, which leads to lower statistical significances for
larger clusters.
VII. DISCUSSION
The obtained covariance condition (4) is closely
connected to the Mandel Q parameter [48] and re-
lated second-order moment conditions such as the sub-
Binomial QB [20] and sub-Poisson-Binomial QPB [25] pa-
rameters. In fact, we shown in Appendix B that these cri-
teria can be traced back to condition (4). Thus, we could
identify the covariance condition (4) as the fundamental
building block of these other nonclassicality criteria.
Let us now consider conditions including higher-order
moments, such as in Eq. (5). This includes also asym-
metric partitions of the corresponding no-click operators.
Other approaches [8, 21, 27, 28] are based on the ma-
trix of moments which, by construction, cannot involve
asymmetric-partition conditions. Hence, the here derived
conditions are by construction different from already ex-
isting approaches and provide a wider applicability [55].
A detector independent method for the certification of
quantum light through multiplexing was already intro-
duced [8]. In this work, the detector independence refers
solely to the detectors and not to the whole detection
system, including the multiplexing, as an equal splitting
into the detection channels is required. With our ap-
proach, we can relax the latter requirement and, hence,
have a condition which is fully independent of the whole
detection scheme.
Furthermore, we would like to discuss the relation
of the introduced nonclassicality conditions to entangle-
ment. The derived conditions can certify nonclassical-
ity of the input quantum state of a multiplexing device.
However, it is well known that a nonclassical input state
in a multi-splitting device creates multimode entangle-
ment between the output channels [56]. Therefore, al-
though we are testing nonclassicality of the input state,
our conditions in fact reveal quantum correlations be-
tween the different detection channels. Hence, the ob-
tained nonclassicality conditions are closely related to
multimode quantum correlations and multimode entan-
glement. This opens possibilities for future applications
in quantum technologies.
VIII. CONCLUSIONS
We formulated conditions for the verification of non-
classical light detected by general multiplexing setups.
The obtained criteria do not require any knowledge about
splitting ratios and used detectors. Hence, our meth-
ods are fully independent of the detection scheme. The
obtained correlation criteria include conditions based on
second and higher-order moments of the no-click events.
We demonstrated the strength of our approach by certi-
fying nonclassicality of light emitted by clusters of single-
photon emitters. Importantly, the presented criteria are
capable of detecting quantum light even if the number
of photon emitters is higher than the number of used
detection channels.
5We could show that our conditions based on on-off
detectors can provide even more insight into the non-
classical character of the recorded light than compara-
ble approaches based on ideal photon-number resolving
measurements. Furthermore, we discussed the relation
to established nonclassicality indicators and showed that
our approach provides new forms of nonclassicality condi-
tions which cannot be deduced from other existing crite-
ria. The present results provide utile and simple tools for
the detector-independent verification of quantum light,
applicable to many experimental scenarios.
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Appendix A: Derivation of the nonclassicality conditions
Here we will show how the introduced nonclassicality conditions can be derived by using Chebyshev’s integral
inequality. Furthermore, we demonstrate that the results of the obtained conditions are not influenced by uncorrelated
noise sources.
1. Chebyshev’s integral inequality
In order to construct the nonclassicality conditions we will make use of Chebyshev’s integral inequality; see, e.g., [44].
Let f and g be two functions which are integrable and monotone in the same sense on (a,b) and let p be a positive
and integrable function on the same interval. Then the Chebyshev’s integral inequality∫ b
a
p(x)f(x)g(x)dx
∫ b
a
p(x)dx ≥
∫ b
a
p(x)f(x)dx
∫ b
a
p(x)g(x)dx, (A1)
holds. In the following, we will see that we can make use of this inequality for the derivation of the nonclassicality
conditions. In our case, the p(x) will be the (phase-averaged) P function of a classical quantum state and f , g the
expectation values of the normal-ordered no-click operators with coherent states.
2. Two-channel no-click correlation
The starting point of this consideration is the multimode state after the multiplexing step,
ρˆout =
∫
d2αP (α)|u1,1α, . . . , u1,Nα〉〈u1,1α, . . . , u1,Nα|, (A2)
with
∑
k |u1,k|2 = 1. We consider the no-click operators mˆi = e−Γ(nˆi) whose normally ordered expectation values
with coherent states, 〈β|:mˆi|β:〉 = 〈β|:e−Γ(nˆi):|β〉 = e−Γ(|β|2), are monotonically decreasing functions of |β|. A typical
example of a detector response function is a linear response function Γ = ηi|β|2 +νi, where ηi and νi are the quantum
efficiency and the dark-count rate in the ith mode, respectively.
Then, the normal-ordered expectation value of the product of the two no-click operators mˆi and mˆj reads as
〈:mˆimˆj :〉 = Tr[ρˆout:mˆimˆj :] =
∫
d2αP (α)e−Γi(|u1,i|
2|α|2)e−Γj(|u1,j |
2|α|2). (A3)
As both functions e−Γ(|u1,i|
2|α|2) and e−Γ(|u1,i|
2|α|2) are monotonically decreasing functions of |α|2 and we assume a
non-negative (classical) P distribution, we can apply Chebyshev’s integral inequality and obtain∫
d2αP (α)e−Γi(|ui|
2|α|2)e−Γj(|uj |
2|α|2) ≥
∫
d2αP (α)e−Γi(|ui|
2|α|2)
∫
d2αP (α)e−Γj(|uj |
2|α|2), (A4)
which can be written in terms of the covariance,
〈:Cov(mˆi, mˆj):〉 = 〈:mˆimˆj :〉 − 〈:mˆi:〉〈:mˆj :〉
cl≥ 0. (A5)
6This inequality has to hold for any non-negative (classical) P and, thus, a violation of the inequality immediately
uncovers nonclassicality of the considered state. Let us stress that the derivation does not rely on the knowledge of
the splitting ratios and the properties of the detectors.
3. Multimode generalization
Here, we will show how the multimode generalizations of the two-mode covariance condition can be obtained by
applying Chebyshev’s integral inequality several times. To derive the multimode conditions for N detection modes,
we make several times use of Chebyshev’s integral inequality. We start from the expectation value
〈:
N∏
i=1
mˆi:〉 =
∫
d2αP (α)
N∏
i=1
e−Γi(|u1,i|
2|α|2), (A6)
which can be written as
〈:
N∏
i=1
mˆi:〉 =
∫
d2αP (α)e−
∑N
i=1 Γi(|u1,i|2|α|2) =
∫
d2αP (α)e−
∑
i∈I Γi(|u1,i|2|α|2)e−
∑
i∈I Γi(|u1,i|2|α|2) (A7)
where I and I are two bipartitions of the considered operator functions. Note that both e−
∑
i∈I Γi(|u1,i|2|α|2) and
e−
∑
i∈I Γi(|u1,i|2|α|2) are monotonically decreasing functions. As in the case above, we can now apply Chebyshev’s
integral inequality which yields∫
d2αP (α)e−
∑N
i=1 Γi(|u1,i|2|α|2) ≥
∫
d2αP (α)e−
∑
i∈I Γi(|u1,i|2|α|2)
∫
d2αP (α)e−
∑
i∈I Γi(|u1,i|2|α|2), (A8)
which holds for any non-negative P function. This may also be written as 〈:∏Ni=1 mˆi:〉 ≥ 〈:∏i∈J mˆi:〉〈:∏j∈J mˆj :〉.
This procedure can be repeated several times which leads to the general form
〈:mˆI1 . . . mˆIK :〉 − 〈:mˆI1 :〉 · · · 〈:mˆIK :〉
cl≥ 0, (A9)
where I1 . . . IK are mutually disjoint subsets (partitions) of I = {1, . . . , N} and mˆJ is the no-click operator for all
detection channels in IJ , mˆIJ=
∏
j∈IJ mˆj . A full partition of the non-click operators yields the condition
〈:mˆ1 . . . mˆN :〉 − 〈:mˆ1:〉 · · · 〈:mˆN :〉
cl≥ 0. (A10)
4. Independence of uncorrelated noise contributions
Furthermore, we can show that the derived covariance conditions do not depend on uncorrelated noise contributions
such as detector dark counts. Let us assume that two detectors have linear detector responses which can be described
by the functions Γˆi(j)(nˆi(j)) = ηi(j)nˆi(j) + νi(j), where ηi(j) and νi(j) are the quantum efficiencies and the uncorrelated
noise-count rates, respectively. In this case, the normal-ordered expectation values of the no-click operators are
〈:mˆimˆj :〉 = e−(νi+νj)
∫
d2αP (α)e−ηi|ui|
2|α|2e−ηj |uj |
2|α|2 and 〈:mˆi(j):〉 = e−νi(j)
∫
d2αP (α)e−ηi(j)|ui(j)|
2|α|2 . As above,
we can now derive an inequality which can be written in the form
e−(νi+νj)
[∫
d2αP (α)e−ηi|ui|
2|α|2e−ηj |uj |
2|α|2 −
∫
d2αP (α)e−ηi|ui|
2|α|2
∫
d2αP (α)e−ηj |uj |
2|α|2
]
cl≥ 0 (A11)
This can be further simplified to
e−(νi+νj)〈:Cov(mˆi, mˆj):〉FUN
cl≥ 0, (A12)
where 〈:Cov(mˆi, mˆj):〉FUN corresponds to the covariance in the case when the detected light field would be free of
any uncorrelated noise (FUN). We see that the uncorrelated noise contributions only result in an overall scaling of
the inequality but do not influence the sign of the inequality. Therefore, the uncorrelated noise contributions do not
alter the corresponding nonclassicality verification. This consideration can be straightforwardly generalized to the
multimode conditions. Note that a similar independence of dark-count contributions has been reported in the context
of phase-sensitive measurements with multiplexing detectors [57].
7Appendix B: Relation to other nonclassicality conditions
In this section, we show some relations and differences to established methods for the verification of nonclassicality
from multiplexing measurements. First, we will discuss the relation to conditions of the form of the Mandel Q
parameter. Second, we show that our approach delivers criteria which cannot be obtained via the matrix of moments
approach.
1. Relation to conditions of the form of the Mandel Q parameter
Here, we will show how the obtained covariance condition (4) relates to established nonclassicality parameters of
the form of the Mandel Q parameter [48]. Besides the Mandel parameter itself, we will also consider the recently
introduced sub-Binomial QB [20] and sub-Poisson-Binomial QPB [25] parameters. The latter two were introduced for
the verification of nonclassical light in symmetric and general (asymmetric) multiplexing schemes, respectively. All
three parameter have in common that – whenever they attain negative values – they uncover nonclassicality of the
considered quantum state.
a. Sub-Poisson-Binomial parameter
Let us start by considering the sub-Poisson-Binomial parameter. The sub-Poisson-Binomial parameter [25] may be
written as
QPB =
∑N
i 6=j〈:Cov(mˆimˆj):〉∑N
i 〈:mˆi:〉(1− 〈:mˆi:〉)
, (B1)
where N is the number of detection channels and 〈:Cov(mˆimˆj):〉 is the normal-ordered expectation value of the
covariance defined in Eq. (4). QPB < 0 reveals nonclassicality and its sign solely depends on the numerator in Eq.
(B1) as the denominator is always positive. Hence, QPB characterizes nonclassicality if the sum over all possible
〈:Cov(mˆimˆj):〉 is negative and, thus, it is based on the violation of the simple classical covariance condition (4).
However, it is a more complex condition as it requires to evaluate all possible correlations between the different
detection channels.
b. Sub-Binomial parameter
If we now assume that the multiplexing is performed with an equal splitting into the channels and each channel is
detected with detectors which have equal properties, i.e. having the same detector response (quantum efficiency and
dark-count rate), the QB parameter [20],
QB =
(N − 1)〈:Var(mˆ):〉
〈:mˆ:〉(1− 〈:mˆ:〉) , (B2)
may be applied. A negative value of QB uncovers nonclassicality. Note that QB is the special form of QPB in the case
of equal splitting and detection. In this case, all no-click operators mˆi are equal and we can replace them by mˆ. Then,
the covariance in Eq. (B1) reduces to the variance in Eq. (B2). Still the negativities of QB arise from a negative
variance, which is nothing else as the violation of the classical covariance condition (4) for the case in which all mˆi
are the same. The negativity of the variance is also a direct indication that the corresponding quantum state cannot
be described by a classical (non-negative) P function. Note, however, that QB is only applicable if the assumptions
of equal splitting and detection are fulfilled.
c. Mandel parameter
In [20], it has been shown that QB approaches the Mandel Q parameter
Q =
〈:Var(nˆ):〉
〈:nˆ:〉 , (B3)
8in the case of an infinite number of detection channels, i.e., limN→∞QB = Q. In other words, for an equal splitting
into an infinite number of on-off detectors the variance of the no-click operator yields the normal-ordered expectation
value of the variance of the photon-number operator, 〈:Var(nˆ):〉. Hence, Q can be seen as the limiting case of recording
light with an infinite number of equal on-off detectors. This finding agrees with a derivation of the photon-counting
formula in the 1960s [58], where a bulk material described by an infinite number of single atoms (acting in the same
way as on-off detectors) detects the light.
We can summarize that criteria of the form of the parameters Q, QB, and QPB are in the end based on the covariance
condition in Eq. (4). Importantly, the condition in Eq. (4) is the most simple form of such conditions and provides
the essential building block for the other criteria. Moreover, the simple covariance condition using only two on-off
detectors can be more sensitive than the condition provided by the Q parameter as we show in Fig. 2 for the example
of a photon-added thermal state.
2. Relation to criteria based on the matrix of moments approach
Here, we compare the obtained conditions with the matrix of moments approach for multiplexing detection [21].
For classical states, the matrix of momentsM is positive semidefinite, with
0
cl≤M =
(
〈:mˆl+l′ :〉
)bN/2c
l,l′=0
. (B4)
where the floor function yields bN/2c = N/2 for even N and bN/2c = (N − 1)/2 for odd N . A violation of this
positive semidefiniteness would imply that the measured quantum state is a nonclassical one. As an example we can
consider the 2× 2 matrix with moments up to the 2lth order (l ≥ 1)
det
(〈:mˆ0:〉 〈:mˆl:〉
〈:mˆl:〉 〈:mˆ2l:〉
)
= 〈:Var(mˆl):〉 cl≥ 0. (B5)
This, in fact, corresponds to the correlation conditions derived here if all channels are recorded equally. It is, however,
important to mention that, contrary to the here presented conditions, the matrix of moments approach can only be
applied if equal splitting and detection are considered.
We have seen that for some cases (equal splitting and detection, and 2×2 matrices) the matrix of moments methods
yield the same conditions as our approach based on the Chebyshev’s integral inequality. This analogy does, however,
not hold in general. In particular, our most general conditions in Eq. (??) include arbitrary partitions which cannot
be obtained with the matrix of moments approach. Examples are asymmetric partitions of the form
〈:mˆk:〉 − 〈:mˆ:〉〈:mˆk−1:〉 cl≥ 0 with k > 2 (B6)
or multi-partitions
〈:mˆk:〉 − 〈:mˆ:〉〈:mˆk−2:〉〈:mˆ:〉 cl≥ 0 with k > 2. (B7)
Hence, the here presented approach provides new conditions which are not covered by the matrix of moments approach.
Therefore, these more general conditions might be able to certify nonclassicality in cases where other methods fail to
do so.
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